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Abstract

Let SCR be compact with #S ¼ N and let CðSÞ be the set of all real continuous functions
on S: We ask for an algebraic polynomial sequence ðPnÞNn¼0 with deg Pn ¼ n such that every

fACðSÞ has a unique representation f ¼
P

N

i¼0 aiPi and call such a basis Faber basis. In the

special case of S ¼ Sq ¼ fqk; kAN0g,f0g; 0oqo1; we prove the existence of such a basis. A
special orthonormal Faber basis is given by the so-called little q-Legendre polynomials.

Moreover, these polynomials state an example with AðSqÞaUðSqÞ ¼ CðSqÞ; where AðSqÞ is
the so-called Wiener algebra and UðSqÞ is the set of all fACðSqÞ which are uniquely
represented by its Fourier series.
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1. Introduction and basic facts

Let SCR be compact with #S ¼ N and let CðSÞ be the set of all real continuous
functions on S: It is a typical problem to approximate or to represent a function
fACðSÞ going back to the set of real algebraic polynomials. In this context there are
some important results on approximation. For instance, by the Stone–Weierstrass
theorem [1] there exists a real algebraic polynomial P such that jjf � Pjj

N
is arbitrary

small. In case of Cð½0; 1	Þ Müntz’s theorem [1] is an attractive version of the
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Weierstrass theorem. Another goal is to determine the element of best ap-
proximation in PðnÞ; where PðnÞ denotes the space of all polynomials P with

deg Ppn; see [8].
Our aim here is to give a special representation of f : For that purpose we refer to

the idea of a basis.

Definition 1. A sequence ðfnÞNn¼0 in an infinite Banach space B is called basis if for every

fAB there exists a unique sequence of scalars ðanÞNn¼0 such that

f ¼
XN
i¼0

aifi: ð1Þ

In case of B ¼ CðSÞ a well-known basis is the so-called Schauder basis, see [9], but
we are interested in a very special kind of a polynomial basis.

Definition 2. A basis ðPnÞNn¼0 of CðSÞ is called a polynomial basis with strict

degrees or Faber basis if Pn is a real algebraic polynomial with deg Pn ¼ n for

all nAN0:

There is a famous result of Faber that in case of S ¼ ½a; b	 there does not exist a
polynomial basis with strict degrees; see [3]. The question is, whether there are sets S

such that a Faber basis exists. For to investigate this question, the following theorem
is very useful.

Theorem 1. The following conditions are equivalent.

(i) There exists a Faber basis ðPnÞNn¼0 of CðSÞ:
(ii) There exists a sequence ðvnÞNn¼0 of continuous linear operators from CðSÞ into

CðSÞ such that

(a) vnðf ÞAPðnÞ for all fACðSÞ; nAN0:

(b) vnðpÞ ¼ p for all pAPðnÞ; nAN0:

(c) limn-N vnðf Þ ¼ f for all fACðSÞ:
(d) deg vnðf Þpdeg vnþ1ðf Þ for all fACðSÞ; nAN0:

If ðQnÞNn¼0 is a sequence of real algebraic polynomials with degQn ¼ n then a Faber

basis is given by

P0 ¼ Q0; Pn ¼ Qn � vn�1ðQnÞ for all nAN: ð2Þ

For the proof we refer to [9, Theorem 20.1].
Note that according to the Banach–Steinhaus theorem we may replace (c) in

Theorem 1 by

jjvnjjoC for all nAN0: ð3Þ

We focus on two special types of a Faber basis.
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Definition 3.

(i) A Faber basis ðlnÞNn¼0 is called Lagrange basis with respect to a sequence

of distinct points ðsnÞNn¼0 in S if lnðsiÞ ¼ 0 for all ion and lnðsnÞ ¼ 1 for

all nAN0:
(ii) A Faber basis ðpnÞNn¼0 is called orthonormal basis with respect to a probability

measure p on S if
R

pnpm dp ¼ dn;m for all n;mAN0; where dn;m denotes

Kronecker’s delta symbol.

In case of a Lagrange basis it holds f ¼
P

N

i¼0 liðf Þli with

liðf Þ ¼ f ðsiÞ �
Xi�1
j¼0

ljðf ÞljðsiÞ; ð4Þ

and in case of an orthonormal basis it holds f ¼
P

N

i¼0 miðf Þpi with

miðf Þ ¼ /f ; piS ¼
Z

fpi dp: ð5Þ

Further on we pay particular attention to the set

Sq ¼ fqk; kAN0g,f0g; 0oqo1; ð6Þ

and prove the existence of a Lagrange basis in Section 2. The set Sq is also well-

known as the support of the orthogonality measure which belongs to little q-Jacobi
polynomials; see [4]. A special case of these polynomials are the so-called little
q-Legendre polynomials. They have been studied thoroughly and they are relevant to
different topics, see for instance [5,10]. Especially, they have positive linearization
coefficients, i.e. they are associated with a polynomial hypergroup; see for instance
[6]. In Section 3 we prove that little q-Legendre polynomials constitute an
orthonormal basis of CðSqÞ:

2. Continuous function spaces with a Lagrange basis

In order to obtain spaces CðSÞ with a Lagrange basis we characterize the situation
as follows.

Lemma 1. If ðlnÞNn¼0 is a Lagrange basis of CðSÞ with respect to a sequence ðsnÞNn¼0;
then fs0; s1;yg is dense in S:

Proof. Denote by X the closure of fs0; s1;yg and assume xAS\X : Then there exist
functions f1; f2ACðSÞ such that f1jX ¼ f2jX and f1ðxÞaf2ðxÞ:
By (4) we get f1 ¼ f2 which yields a contradiction. &
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Due to Lemma 1 one of the most simplest cases to deal with is

S ¼ fsn; nAN0g,fsg; ð7Þ

where s is the unique limit point of the sequence ðsnÞNn¼0:
Define

Li
nðxÞ ¼

Qn
k¼0;kaiðx � skÞQn
k¼0;kaiðsi � skÞ

for all nAN0; i ¼ 0; 1;y; n: ð8Þ

Of course, if there exists a Lagrange basis with respect to ðsnÞNn¼0; then it is given by

lnðxÞ ¼ Ln
nðxÞ for all nAN0: ð9Þ

Lemma 2. Let ðsnÞNn¼0 be a strictly increasing or strictly decreasing sequence with limit

point s and S ¼ fsn; nAN0g,fsg:
Then there exists a Lagrange basis ðlnÞNn¼0 of CðSÞ with respect to the sequence

ðsnÞNn¼0 if and only if f
Pn

i¼0 jLi
nðsÞj; nAN0g is bounded.

Proof. In case of xAfs0; s1;y; sng it holds
Pn

i¼0 jLi
nðxÞj ¼ 1 and if l4mXn; then the

assumed monotony of the sequence yields jLi
nðslÞj4jLi

nðsmÞj for all i ¼ 0; 1;y; n:

Hence, ð
Pn

i¼0 jLi
nðskÞjÞNk¼0 is monoton increasing and

max
xAS

Xn

i¼0
jLi

nðxÞj ¼
Xn

i¼0
jLi

nðsÞj: ð10Þ

Define a sequence of continuous linear operators ðvnÞNn¼0 from CðSÞ into CðSÞ by

vnðf Þ ¼
Xn

i¼0
f ðsiÞLi

n; ð11Þ

where vnðf Þ is the Lagrange interpolation polynomial passing through the points
ðs0; f ðs0ÞÞ;y; ðsn; f ðsnÞÞ:
For the operator norm it holds

jjvnjj ¼ sup
jjf jj

N
p1

jjvnðf ÞjjNpmax
xAS

Xn

i¼0
jLi

nðxÞj: ð12Þ

Choose gnACðSÞ with jjgnjjNp1 and gnðsiÞ ¼ sign Li
nðsÞ: Hence, jjvnðgnÞjjN ¼Pn

i¼0jLi
nðsÞj and

jjvnjj ¼
Xn

i¼0
jLi

nðsÞj: ð13Þ
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For the rest of the proof we refer to Theorem 1 and

Xn

i¼0
f ðsiÞLi

n ¼
Xn

i¼0
liðf Þli: & ð14Þ

Now, we are able to prove the following theorem in case of S ¼ Sq:

Theorem 2. In case of CðSqÞ there exists a Lagrange basis ðlnÞNn¼0 with respect to the

sequence sn ¼ qn; nAN0:

Proof. It is easy to check that

jL0nð0Þj ¼
qnðnþ1Þ=2Qn

k¼1 ð1� qkÞ for all nAN0; ð15Þ

and

jLi
nþ1ð0Þj ¼

1

1� qi
jLi�1

n ð0Þj for all nAN0; i ¼ 1; 2;y; n: ð16Þ

Therefore,

Xn

i¼0
jLi

nð0Þj ¼
Xn

i¼0

Yn�i

j¼1

1

1� qj
jL0i ð0Þj

p
YN
j¼1

1

1� qj

Xn

i¼0
jL0i ð0Þj

p
YN
j¼1

1

1� qj

XN
i¼0

qiðiþ1Þ=2Qi
k¼1ð1� qkÞ

: ð17Þ

The product and the series on the right-hand side are finite by standard arguments
and independent from n: Now, by Lemma 2 the proof is complete. &

This is not true for an arbitrary set S of shape (7). In order to give a counter-
example let

Sr ¼ fðk þ 1Þ�r; kAN0g,f0g; 0oroN; ð18Þ

and sn ¼ ðn þ 1Þ�r; nAN0: By simple calculations we obtain

Ln
nð0Þ ¼

1Qn
i¼1 ð1� ð i

nþ1Þ
rÞ ð19Þ

and limn-N Ln
nð0Þ ¼ N: Hence, by Lemma 2 there is no Lagrange basis of CðSrÞ

with respect to the sequence ðsnÞNn¼0:
In the next section we give a special orthonormal basis of CðSqÞ:
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3. Little q-Legendre polynomials

Let us define a probability measure p on Sq by

pðqkÞ ¼ qkð1� qÞ for all kAN0; and pð0Þ ¼ 0: ð20Þ

The orthogonal polynomials ðRnÞNn¼0 with respect to p are called little q-Legendre

polynomials. They satisfy a three term recurrence relation

R1ðxÞRnðxÞ ¼ anRnþ1ðxÞ þ bnRnðxÞ þ cnRn�1ðxÞ; nX1; ð21Þ

with R0ðxÞ ¼ 1 and R1ðxÞ ¼ 1� ðq þ 1Þx; where

an ¼ qn ð1þ qÞð1� qnþ1Þ
ð1� q2nþ1Þð1þ qnþ1Þ; ð22Þ

bn ¼ ð1� qnÞð1� qnþ1Þ
ð1þ qnÞð1þ qnþ1Þ; ð23Þ

cn ¼ qn ð1þ qÞð1� qnÞ
ð1� q2nþ1Þð1þ qnÞ: ð24Þ

It holds the orthogonality relation

XN
k¼0

qkð1� qÞRnðqkÞRmðqkÞ ¼ ð1� qÞqn

1� q2nþ1
dn;m; ð25Þ

see [4]. The little q-Legendre polynomials are normalized by

Rnð0Þ ¼ 1 for all nAN0; ð26Þ

and they are associated with a so-called hypergroup structure on N0; see [7].
Therefore, it follows

max
xASq

jRnðxÞj ¼ Rnð0Þ ¼ 1 for all nAN0: ð27Þ

The orthonormal little q-Legendre polynomials are defined by

pn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2nþ1

ð1� qÞqn

s
Rn; ð28Þ

and we set

hðnÞ ¼ ðpnð0ÞÞ2 ¼
1� q2nþ1

ð1� qÞqn
for all nAN0: ð29Þ
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For xay we obtain by Christoffel–Darboux formula [2]

Xn

k¼0
RkðxÞRkðyÞhðkÞ ¼

anhðnÞ
q þ 1

RnðxÞRnþ1ðyÞ � Rnþ1ðxÞRnðyÞ
x � y

; nAN0: ð30Þ

Now, we are able to prove the following result.

Theorem 3. The sequence of orthonormal little q-Legendre polynomials ðpnÞNn¼0 is a

Faber basis of CðSqÞ:

Proof. For nAN0 define a continuous linear transformation vn from CðSÞ into
CðSÞ by

vnðf Þ ¼
Xn

i¼0
/f ; piSpi: ð31Þ

By Theorem 1 and (3) it remains to prove that there exists a real number C40 with

jjvnjj ¼ sup
jjf jj

N
p1

jjvnðf ÞjjNpC for all nAN0: ð32Þ

For arbitrary xASq; fACðSqÞ with jjf jj
N
p1; we have

vnðf ÞðxÞ ¼
Xn

i¼0

XN
j¼0

f ðqjÞpiðqjÞqjð1� qÞpiðxÞ

¼
Xn

i¼0

Xn

j¼0
f ðqjÞpiðqjÞqjð1� qÞpiðxÞ

þ
Xn

i¼0

XN
j¼nþ1

f ðqjÞpiðqjÞqjð1� qÞpiðxÞ

¼ S1nðf ; xÞ þ S2nðf ; xÞ: ð33Þ

By (27) and (29) it follows

jS2nðf ; xÞj ¼ ð1� qÞ
Xn

i¼0

XN
j¼nþ1

f ðqjÞpiðqjÞqjpiðxÞ
					

					
p ð1� qÞ

Xn

i¼0
ðpið0ÞÞ2

XN
j¼nþ1

qj
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¼
Xn

i¼0
ðpið0ÞÞ2qnþ1 ¼

Xn

i¼0

1� q2iþ1

ð1� qÞqi
qnþ1

p
1

1� q

Xn

i¼0

qnþ1

qi
p

1

ð1� qÞ2
for all nAN0: ð34Þ

Next, we give an upper bound for S1nðf ; xÞ which is independent of n: Replacing x

by qm; mAN0,fNg; where qN ¼ 0; we get

jS1nðf ; xÞj ¼ ð1� qÞ
Xn

i¼0

Xn

j¼0
f ðqjÞpiðqjÞqjpiðqmÞ

					
					

p ð1� qÞ
Xn

j¼0
qj
Xn

i¼0
piðqjÞpiðqmÞ

					
					

p ð1� qÞ
Xn

j¼0;jam

qj
Xn

i¼0
piðqjÞpiðqmÞ

					
					

þ ð1� qÞqm
Xn

i¼0
ðpiðqmÞÞ2: ð35Þ

Since jam; we obtain by Christoffel–Darboux formula (30) and (27)

Xn

i¼0
piðqjÞpiðqmÞ

					
					 ¼ 1� qnþ1

1þ qnþ1
1

1� q

jRnþ1ðqjÞRnðqmÞ � RnðqjÞRnþ1ðqmÞj
jqj � qmj

p
1

1� q

jRnþ1ðqjÞj þ jRnðqjÞj
jqj � qmj : ð36Þ

Hence,

ð1� qÞ
Xn

j¼0;jam

qj
Xn

i¼0
piðqjÞpiðqmÞ

					
					

p
Xn

j¼0;jam

qj

jqj � qmj ðjRnþ1ðqjÞj þ jRnðqjÞjÞ

p
1

1� q

Xnþ1
j¼0

jRnþ1ðqjÞj þ
Xn

j¼0
jRnðqjÞj

 !
: ð37Þ
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By Cauchy–Schwarz inequality we derive

Xn

j¼0
jRnðqjÞj ¼ 1

1� q

Xn

j¼0
ð1� qÞqj 1

qj
ffiffiffiffiffiffiffiffiffi
hðnÞ

p jpnðqjÞj

p
1

1� q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

j¼0
ð1� qÞqj

1

q2jhðnÞ

vuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn

j¼0
ð1� qÞqjðpnðqjÞÞ2

vuut

p
1

1� q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� qÞ

Xn

j¼0
qn�j

1� q

1� q2nþ1

vuut

p
1

1� q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� qÞ

Xn

j¼0
qn�j

vuut p
1

1� q
: ð38Þ

In case of m ¼ N the second sum in (35) equals 0: Otherwise, it holds pðqmÞ40 and

Xn

i¼0
ðpiðqmÞÞ2p 1

pðqmÞ ¼
1

ð1� qÞqm
; ð39Þ

see [2]. To summarize, we have shown

jS1nðf ; xÞjp 2

ð1� qÞ2
þ 1 for all nAN0: ð40Þ

Finally, with C ¼ 4�2qþq2

ð1�qÞ2 the proof is complete. &

One crucial point within the proof of Theorem 3 was to make use of (27) which
holds in case of little q-Legendre polynomials but does not hold in general.

For the polynomial hypergroup which is associated with the sequence ðRnÞNn¼0 the
so-called Wiener algebra AðSqÞ; see [7], is defined by

AðSqÞ ¼ f fACðSqÞ : f̂Al1ðN0; hÞg; ð41Þ

where

f̂ðkÞ ¼
Z

fRk dp for all kAN0: ð42Þ

Of course, AðSqÞCUðSqÞ; where UðSqÞ denotes the set of all functions fACðSqÞ
which are uniquely represented by its Fourier series

f ¼
XN
k¼0

f̂ðkÞRkhðkÞ: ð43Þ
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In [7] we have proven that AðSqÞaCðSqÞ: Now, by Theorem 3 we have shown that
UðSqÞ ¼ CðSqÞ; and therefore,

AðSqÞaUðSqÞ ¼ CðSqÞ: ð44Þ
We should mention that due to Theorem 3 and former results, see [6], the little
q-Legendre polynomials also constitute a basis of the Banach spaces LpðSq; pÞ;
1ppoN:
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